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Robustness and Outlier Detection in Chemometrics

Peter J. Rousseeuw

Department of Mathematics and Computer Science, University of Antwerp (UA), Antwerp, Belgium

Michiel Debruyne, Sanne Engelen, and Mia Hubert

Department of Mathematics—University Center for Statistics, K.U. Leuven, Belgium

In analytical chemistry, experimental data often contain outliers of one type or another. The
most often used chemometrical/statistical techniques are sensitive to such outliers, and the
results may be adversely affected by them. This paper presents an overview of robust chemo-
metrical/statistical methods which search for the model fitted by the majority of the data, and
hence are far less affected by outliers. As an extra benefit, we can then defect the outliers by
their large deviation from the robust fit. We discuss robust procedures for estimating location
and scatter, and for performing multiple linear regression, PCA, PCR, PLS, and classification.
We also describe recent results concerning the robustness of Support Vector Machines, which
are kernel-based methods for fitting non-linear models. Finally, we present robust approaches

for the analysis of multiway data.

Keywords covariance, regression, PCA, PCR, PLS, SIMCA, support vector machine, multiway

analysis

INTRODUCTION

When analyzing real data, it often occurs that some obser-
vations are different from the majority. Such observations are
called outliers. Sometimes they are due to recording or copying
mistakes (yielding e.g. a misplaced decimal point or the per-
mutation of two digits). Often the outlying observations are not
incorrect but they were made under exceptional circumstances,
or they belong to another population (e.g. it may have been the
concentration of a different compound), and consequently they
do not fit the model well. It is very important to be able to detect
these outliers. For instance, they can pinpoint a change in the
production process or in the experimental conditions.

In practice one often tries to detect outliers using diagnostics
starting from a classical fitting method. However, classical meth-
ods can be affected by outliers so strongly that the resulting fitted
model does not allow to detect the deviating observations. This
is called the masking effect. Additionally, some good data points
might even appear to be outliers, which is known as swamping.
To avoid these effects, the goal of robust statistics is to find a
fit which is similar to the fit we would have found without the
outliers. We can then identify the outliers by their large residuals
from that robust fit.

We briefly describe some robust procedures for estimat-
ing univariate location, scale, and skewness, as well as
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low-dimensional multivariate location and scatter. Apart from
the traditional elliptical distributions, we also consider outlier
detection at asymmetric (e.g. skewed) multivariate distributions.
This is followed by linear regression in low dimensions.

In chemometrics high-dimensional data frequently occurs,
often with the number of variables exceeding the number of
observations. Robust methods for analyzing such complex data
structures were developed in recent years. We discuss robust
versions of PCA, PCR, and PLS, with their accompanying outlier
detection tools. We then discuss linear classification.

Although linear models are easy to interpret, a non-linear
model can sometimes provide more accurate prediction results.
Kernel-based methods for fitting such non-linear models have
been introduced in the machine learning community and are
becoming more popular in chemometrics and bioinformatics.
We describe some recent results concerning the robustness of
Support Vector Machines, a kernel method for classification and
regression.

Next outlier detection and robustness in multiway data is
discussed. Finally, we review software availability.

LOCATION AND COVARIANCE ESTIMATION
IN LOW DIMENSIONS

In this section we assume that the data are stored inan n x p
data matrix X = (xy,...,x,)" with x; = (x;1, ..., x;,)" the
ith observation. Hence n stands for the number of objects and
p for the number of variables. First we consider the univariate
case p = 1.

221
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Univariate Location and Scale Estimation

The location-scale model states that the n univariate obser-
vations x; are independent and identically distributed (i.i.d.)
with distribution function F((x — u)/o) where F is known.
Typically, F is the standard gaussian distribution function ®.
We then want to find estimates for the center i and the scale
parameter o (or for o?).

The classical estimate of location is the sample mean x =
% Y i_, x;. However, the mean is very sensitive to aberrant val-
ues. Replacing only 1 out of n observations by a very large value
can change the estimate completely. We say that the breakdown
value of the sample mean is 1/n, so it is 0% for large n. More
precisely, the breakdown value is the smallest proportion of ob-
servations in the data set that need to be replaced to carry the
estimate arbitrarily far away. The robustness of an estimator can
also be quantified by its influence function (1), which measures
the effect of a small number of outliers. The influence function of
the mean is unbounded, which reflects its non-robust behavior.

Another well-known location estimator is the median. Denote
the ith ordered observation as x(;). Then the median is defined
as X((n+1)/2) if n is odd and (X(n/z) + X((n/2)+1))/2 if n is even. Re-
placing only 1 observation by an arbitrary value will not change
the median much. Its breakdown point is 50%, meaning that the
median can resist up to 50% of outliers, and its influence func-
tion is bounded. The robustness of the median comes at a cost:
at the normal model it is less efficient than the mean. To find
a better balance between robustness and efficiency, many other
robust procedures have been proposed, such as trimmed means
and M-estimators (2).

The situation is very similar for the scale parameter
o. The classical estimator is the standard deviation s =

\/Zle(xi — ¥)2/(n — 1). Since one outlier can make s arbi-
trarily large, its breakdown value is 0%. A robust measure of
scale is the median absolute deviation given by the median of
all absolute distances from the sample median:
MAD = 1.483 m?dian lx; — meidian (x)| [1]
j=1,...n i=1,..., n
The constant 1.483 is a correction factor which makes the MAD
unbiased at the normal distribution. Another alternative is the
Q,, estimator (3), defined as

Q. =2.2219¢,{|x; — x50 < j}w (2]

with k = (g) ~ (;)/4 and h = [%] + 1. Here [z] denotes the
largest integer smaller than or equal to z. So, we compute the
kthorder statistic out of the (4 ) = n(n — 1)/2 possible distances
|x; — x;|. This scale estimator is thus essentially the first quartile
of all pairwise differences between two data points. The con-
stant ¢, is a small-sample correction factor, which makes Q,, an
unbiased estimator. The breakdown value of both the MAD and
the Q,, estimator is 50%.

Also popular is the interquartile range (IQR) defined as the
difference between the third and first quartiles, so roughly IQR =
X(3n/4)— X(n/4)- Its breakdown value is only 25% but it has an easy
interpretation and it is commonly used to construct the boxplot.

To detect outliers, it is important to have an outlier detection
rule. A classical rule is based on the standardized residuals of
the observations. More precisely, it flags x; as outlying if

lx; — X|

(3]

N

exceeds e.g. 2.5. But this outlier rule uses non-robust estimates
itself, namely the mean x and the standard deviation s. Therefore
it is very well possible that some outliers are not detected and/or
some regular observations are incorrectly flagged as outliers.
Plugging in robust estimators of location and scale such as the
median and the MAD yields

|x; — medianj—; _,(x;)l
MAD
which is a much more reliable outlier detection tool.

(4]

Skewness and the Adjusted Boxplot

Tukey’s boxplot is a graphical tool to visualize the distribu-
tion of a univariate data set, and to pinpoint possible outliers. In
this plot a box is drawn from the first quartile Q1 & x,4) to the
third quartile Q3 & x(3,/4) of the data. Points outside the interval
[01 — 1.51IQR, Q3 + 1.5 IQR], called the fence, are tradition-
ally marked as outliers. If the data are sampled from the normal
distribution, only about 0.7% of them will lie outside the fence.
The boxplot clearly assumes symmetry, since we add the same
amount to O3 as what we subtract from Q;. At asymmetric dis-
tributions this approach may flag much more than 0.7% of the
data. For example, consider the boxplot in Figure 1(left panel)
of the Cu (cupper) variable of the Kola ecogeochemistry project
which was a large multi-element geochemical mapping project
(see e.g. (4)). We see that the usual boxplot flags many data
points as outlying while they probably are not since the under-
lying distribution is right-skewed. Figure 1(right panel) shows a
skewness-adjusted boxplot of the same variable (5). It only flags
four suspiciously large observations, as well as cases with an
abnormally small Cu concentration.

The skewness-adjusted boxplot labels observations as out-
liers if they lie outside the fence

[0 — 1.5¢ 73 MCIQR, 053 + 1.5¢MC IQR] (5]

Here, MC stands for the medcouple, which is a robust measure
of skewness (6). It is defined as

) (x; — median) — (median — x;)
MC = median (6]
ij

)Cj — Xi

where i and j have to satisfy x; < median < x; and x; < x;.
From its definition it follows that the medcouple is a number
between —1 and 1. If the data is symmetrically distributed, the
medcouple is zero and the adjusted boxplot thus reduces to the
standard boxplot. A positive (negative) medcouple corresponds
to a right-skewed (left-skewed) distribution.

Multivariate Location and Covariance Estimation
Empirical Mean and Covariance Matrix. In the multivari-
ate situation we assume that the observations x; in R? are
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FIG. 1. Difference between the standard and the skewness-adjusted boxplot of the cupper data set.

p-dimensional. Classical measures of location and scatter are
given by the empirical mean ¥ = % > '_, x; and the empirical
covariance matrix S, = Z?zl(xi —x)(x;—x)T /(n—1). Asinthe
univariate case, both classical estimators have a breakdown value
of 0%, that is, a small fraction of outliers can completely ruin
them. To illustrate this, consider the simple example in Figure 2.
It shows the concentration of inorganic phosphorus and organic
phosphorus in soil (7). On this plot the classical tolerance ellipse
is superimposed, defined as the set of p-dimensional points x

Classical and robust tolerance ellipse (97.5%)

?l RS ENREEARE IO i
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70
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! . . .
-10 0 10 20 30 40
Inorganic phosphor

FIG. 2. Classical (COV) and robust (MCD) tolerance ellipse of
the phosphorus data set.

whose Mahalanobis distance

MD(x) = \/ (x—0)7S ' (x — %) [7]

equals /X3 (.475. the square root of the 0.975 quantile of the
chi-square distribution with 2 degrees of freedom. (Note that (7)
becomes (3) for p = 1.) If the data are normally distributed,
97.5% of the observations should fall inside this ellipse. Obser-
vations outside this ellipse are suspected to be outliers. We see,
however, that all data points lie inside the classical tolerance
ellipse.

The Robust MCD Estimator. Contrary to the classical mean
and covariance matrix, a robust method yields a tolerance ellipse
which captures the covariance structure of the majority of the
data points. Starting from such highly robust estimates fip of
multivariate location and Xy of scatter, we plot the points x
whose robust distance

RD() = /(x — 1) S (x — fig) 8]

is equal to |/ X3 o o75- In Figure 2, this robust tolerance ellipse is
much narrower than the classical one. Observations 1, 6 and 10
lie outside the ellipse, and are flagged as suspicious observations.
The classical tolerance ellipse on the other hand was clearly
stretched in the direction of the three outliers, so strongly that
the latter even fell inside the ellipse and were not flagged. This
is an example of the masking effect.

The robust estimates of location and scatter used in Figure 2
were obtained by the Minimum Covariance Determinant (MCD)
method of Rousseeuw (8). The MCD looks for those /& obser-
vations in the data set (where the number 4 is given by the
user) whose classical covariance matrix has the lowest possi-
ble determinant. The MCD estimate of location fi is then the
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average of these i points, whereas the MCD estimate of scat-
ter 3 is their covarianice matrix, multiplied with a consistency
factor. Based on the raw MCD estimates, a reweighing step can
be added, which increases the finite-sample efficiency consider-
ably. In general, we can give each x; some weight w;, for instance
by putting w; = 1 if (x; — f20)” Z5" (xi — f1g) < X2.0.975> and
w; = 0 otherwise. The resulting reweighed mean and covariance
matrix are then defined as

fir(X) = (Zum)/(Zw;) [9]
i=1 i=1

Sr(X) = (Z wi(x; — frp)(x; — ﬂR)T) / ( Y wi— 1)
i=1 i=l

(10]

The final robust distances RD(x;) were obtained by inserting
f1z(X) and 32z(X) into [8].

The MCD estimator has a bounded influence function (9)
and breakdown value (n — h 4 1)/n, hence the number % deter-
mines the robustness of the estimator. The MCD has its highest
possible breakdown value when & = [(n + p + 1)/2]. When
a large proportion of contamination is presumed, 4 should thus
be chosen close to 0.5n. Otherwise an intermediate value for 4,
such as 0.75n, is recommended to obtain a higher finite-sample
efficiency.

The computation of the MCD estimator is non-trivial and
naively requires an exhaustive investigation of all h-subsets out
of n. Rousseeuw and Van Driessen (10) constructed a much
faster algorithm called FAST-MCD.

Other Robust Estimators of Location and Scatter. Many
other robust estimators of location and scatter have been pre-
sented in the literature. The first such estimator was pro-
posed independently by Stahel (11) and Donoho (12). They de-
fined the so-called Stahel-Donoho outlyingness of a data point
x; as

|xle — median<;:1 _____ n (ijd)| [11]

outl(x;) = mdax

=l1,...,

where the maximum is over all directions (i.e., all unit length
vectors in R”), and xlrd is the projection of x; on the direction
d. (Note that for p = 1, [11] reduces to [4].) Next they gave each
observation a weight w; based on outl(x;), and computed robust
estimates f1p and 3¢ as in [9] and [10]. The Stahel-Donoho
estimator was further investigated by Tyler (13) and Maronna
and Yohai (14).

Multivariate M-estimators (15) have a relatively low break-
down value due to possible implosion of the estimated scatter
matrix. Together with the MCD estimator, Rousseeuw (16) in-
troduced the Minimum Volume Ellipsoid. More recent classes
of robust estimators of multivariate location and scatter include
S-estimators, (7, 17), CM-estimators (18), t-estimators (19),

MM-estimators (20), estimators based on multivariate ranks or
signs (21), and depth-based estimators (22-24).

Outlier Detection for Skewed Multivariate Distributions

The Mahalanobis distance [7] and the robust distance [8] as-
sume that the distribution underlying the majority of the data
(i.e., the regular points) is elliptically symmetric, in the sense
that its density is of the form £(x) = g(v/(x — )T =-1(x — p))
for some center p and some positive definite scatter matrix X.
(The multivariate normal distribution is elliptically symmetric.)
The density contours are then ellipses (when p = 2) or ellipsoids
(when p > 3) with center u. Even the Stahel-Donoho outly-
ingness [11] makes such an assumption (in fact, if we replace
the median in [11] by the mean and the MAD by the standard
deviation, [11] reduces to the Mahalanobis distance [7]).

But in many cases the underlying distribution is not ellipti-
cally symmetric, since its projections in some directions may
be skewed. In such cases we can work with the (skewness-) ad-
Justed outlyingness (25), which is defined like [11] but where its
denominator is replaced by:

(03 + 1.5¢*MCIQR) — meldian (xJTd) if xl-Td > meldian(xjrd)
J=1 n j=1,..., n

me}dian(xjd) — (01— 1.5¢7MCIQR) if xTd < median (x7a)
il o

Unlike [7] and [8], the adjusted outlyingness (AO) does not reject
too many data points at such skewed distributions.

Brys et al. (25) applied the AO to independent component
analysis (ICA). In the ICA framework it is required that the un-
derlying distribution be non-elliptical (in order for the indepen-
dent components to be identifiable). Classical ICA is sensitive to
outliers, and downweighting observations with high AO yielded
a robust version of ICA.

LINEAR REGRESSION IN LOW DIMENSIONS

Linear Regression with One Response Variable

The multiple linear regression model assumes that in addi-
tion to the p independent x-variables, a response variable y is
measured, which can be explained as a linear combination of
the x-variables. More precisely, the model says that for all ob-
servations (x;, y;) it holds that

yi = Po+ Pixit + -+ Bpxip + €
=po+ B xi+e i=1,....n [12]

where the errors ¢; are assumed to be independent and identi-
cally distributed with zero mean and constant variance 2. The

vector 3 = (Bi, ..., Bp)" is called the slope, and B the in-
tercept. We denote x; = (xi, ..., %;,)" and @ = (By, BT =
(Bos Bis - -+, Bp)T. Applying a regression estimator to the data

yields p + 1 regression coefficients 0 = Bo...., BP)T. The
residual r; of case i is defined as the difference between the
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FIG. 3. Stars data set with classical and robust fit.

observed response y; and its estimated value y;:
10 =y — % =y — (Bo+ Prxis +-- + Boxip)

The Classical Least Squares Estimator. The classical least
squares method for multiple linear regression (MLR) to estimate
6 minimizes the sum of the squared residuals. It is a very popular
method because it allows to compute the regression estimates
explicitly as @ = (X7 X) !XTy (where the design matrix X
is enlarged with a column of ones for the intercept term) and
moreover the least squares method is optimal if the errors are
normally distributed.

However, MLR is extremely sensitive to regression outliers,
which are observations that do not obey the linear pattern formed
by the majority of the data. This is illustrated in Figure 3 for
simple regression (where there is only one regressor x, SO0 p =
1). It contains the Hertzsprung-Russell diagram of 47 stars, of
which the logarithm of their light intensity and the logarithm
of their surface temperature were measured (7). The four most
outlying observations are giant stars, which clearly deviate from
the main sequence stars. The least squares fit in this plot was
attracted by the giant stars.

An estimate of the variance o> of the error distribution is
givenbys®> = Y ", r?/(n— p—1). One often flags observations
for which |r; /s| exceeds a cut-off like 2.5 as regression outliers,
because values generated by a Gaussian distribution are rarely
larger than 2.50 . In Figure 4a this strategy fails: the standardized
least squares residuals of all 47 points lie inside the tolerance

band between —2.5 and 2.5. The four outliers in Figure 3 have
attracted the least squares line so much that they have small
residuals r; from it.

The Robust LTS Estimator. In Figure 3 a robust regression
fit, is superimposed. The least trimmed squares estimator (LTS)
proposed by Rousseeuw (8) is given by

h
minimize Z(rz)lm [13]
P

where (r?)1., < (r®)a., < -+ < (r*),., are the ordered squared
residuals. (They are first squared, and then ranked.) The value
h plays the same role as in the definition of the MCD estimator.
For h =~ n/2 we find a breakdown value of 50%, whereas for
larger h we obtain (n — h + 1)/n. A fast algorithm for the LTS
estimator (FAST-LTS) has been developed (26).

The variance o of the errors can be estimated by 67y =
Cﬁ,n% Zf’zl(rz)[;n where r; are the residuals from the LTS fit,
and ¢j, , makes & consistent and unbiased at Gaussian error dis-
tributions (27). We can then identify regression outliers by their
standardized LTS residuals r;/d1rs. This yields Figure 4b in
which we clearly see the outliers. We can also use the standard-
ized LTS residuals to assign a weight to every observation. The
reweighed MLR estimator with these LTS weights inherits the
nice robustness properties of LTS, but is more efficient and yields
all the usual inferential output such as ¢-statistics, F-statistics,
an R? statistic, and the corresponding p-values.
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FIG. 4. Standardized residuals of the stars data set, based on the (a) classical MLR; (b) robust LTS estimator.

An Outlier Map. Plots of residuals become even more im-
portant in multiple regression with more than one regressor, as
then we can no longer rely on a scatter plot of the data. Figure 4
however only allows us to detect observations that lie far away
from the regression fit. It is also interesting to detect aberrant
behavior in x-space. Therefore a more sophisticated outlier map

can be constructed (28), plotting the standardized LTS residuals
versus robust distances [8] based on (for example) the MCD
estimator which is applied to the x-variables only.

Figure 5 shows the outlier map of the stars data. We can dis-
tinguish three types of outliers. Bad leverage points lie far away
from the regression fit and far away from the other observations

LTS
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FIG. 5. Outlier map for the stars data set.
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in x-space, e.g. the four giant stars and star 7. Vertical outliers
have an outlying residual, but no outlying robust distance, e.g.
star 9. Observation 14 is a good leverage point: it has an outlying
robust distance, but it still follows the linear trend of the main
sequence, since its standardized residual does not exceed 2.5.

Other Robust Regression Estimators. The earliest system-
atic theory of robust regression was based on M-estimators
(29, 2), followed by R-estimators (30) and L-estimators (31)
of regression.

The breakdown value of all these methods is 0% because
of their vulnerability to bad leverage points. Generalized M-
estimators (GM-estimators) (1) were the first to attain a pos-
itive breakdown value, unfortunately going down to zero for
increasing p.

The Least Median of Squares (LMS) method (8) and the
LTS described here were the first equivariant methods to attain
a 50% breakdown value. Their low finite-sample efficiency can
be improved by carrying out a one-step reweighed least squares
fit afterwards, but also by replacing their objective functions
by a more efficient scale estimator applied to the residuals ;.
This direction has led to the introduction of efficient positive-
breakdown regression methods, such as S-estimators (32), MM-
estimators (33), CM-estimators (34), and many others.

To extend the good properties of the median to regression,
the notion of regression depth (35) and deepest regression (36,
37) was introduced and applied to several problems in chemistry
(38, 39).

Linear Regression with Several Response Variables

The regression model can be extended to the case where
we have more than one response variable. For p-variate pre-
dictors x; = (x;1,..., x,-p)T and g-variate responses y; =
ity -+ yiq)T the multivariate regression model is given by

;=B +B'xi+e [14]

where B is the p X ¢ slope matrix, 3, is the g-dimensional
intercept vector, and the errors €; = (¢, ..., e,-q)T are i.i.d.
with zero mean and with Cov(e) = 3, a positive definite matrix
of size g x q.

The least squares solution can be written as

B=3_3, [15]
Bo=py,—B o, [16]
$.=%,-8358 [17]
where
o= (I:Lx) and 3= (ZA:X %ny) (18]
Hy Xy 2y

are the empirical mean and covariance matrix of the joint (x, y)
variables.

In Rousseeuw et al. (40) it is proposed to fill in the MCD esti-
mates for the center p and the scatter matrix X of the joint (x, y)

variables in [18], yielding robust estimates [15] to [17]. The re-
sulting estimates are called MCD-regression estimates. They in-
herit the high breakdown value of the MCD estimator. To obtain a
better efficiency, the reweighed MCD estimates are used in [15]—
[17] and followed by a regression reweighing step. For any fit
6= (ﬂg ; BT)T, denote the corresponding g-dimensional resid-
uals by ri(é) =y, — B X; — BO. Then the residual distance of

the ith case is defined as ResD; = ,/riT f];lr,-. These residual
distances can then be used in a reweighing step in order to im-
prove the efficiency. Also an outlier map can be constructed:
plotting the residual distances versus the robust distances one
can easily detect good leverage points, bad leverage points and
vertical outliers.

PRINCIPAL COMPONENT ANALYSIS

PCA Based on a Covariance Matrix

Principal component analysis is a popular statistical method
which tries to explain the covariance structure of data by means
of a small number of components. These components are linear
combinations of the original variables, and often allow for an
interpretation and a better understanding of the different sources
of variation. Because PCA is concerned with data reduction, it is
widely used for the analysis of high-dimensional data which are
frequently encountered in chemometrics. PCA is then often the
first step of the data analysis, followed by classification, cluster
analysis, or other multivariate techniques (41).

In the classical approach, the first principal component corre-
sponds to the direction in which the projected observations have
the largest variance. The second component is then orthogonal
to the first and again maximizes the variance of the data points
projected on it. Continuing in this way produces all the principal
components, which correspond to the eigenvectors of the empiri-
cal covariance matrix. Unfortunately, both the classical variance
(which is being maximized) and the classical covariance matrix
(which is being decomposed) are very sensitive to anomalous
observations. Consequently, the first components from classical
PCA (CPCA) are often attracted towards outlying points, and
may not capture the variation of the regular observations.

A first group of robust PCA methods is obtained by replacing
the classical covariance matrix by a robust covariance estimator,
such as the reweighed MCD estimator (42). Unfortunately the
use of these affine equivariant covariance estimators is limited to
small to moderate dimensions. When p is larger than , the MCD
estimator is not defined. A second problem is the computation
of these robust estimators in high dimensions. Today’s fastest
algorithms can handle up to about 100 dimensions, whereas in
chemometrics, one often needs to analyze data with dimensions
in the thousands.

Robust PCA Based on Projection Pursuit

A second approach to robust PCA uses Projection Pursuit
(PP) techniques. These methods maximize a robust measure of
spread to obtain consecutive directions on which the data points
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are projected. In Hubert et al. (43) a projection pursuit (PP) al-
gorithm is presented, based on the ideas of Li and Chen (44) and
Croux and Ruiz-Gazen (45). The algorithm is called RAPCA,
which stands for reflection algorithm for principal component
analysis.

If p > n the RAPCA method starts by reducing the data
space to the affine subspace spanned by the n observations. This
is done quickly and accurately by a singular value decomposition
(SVD) of X,, ,. (From here on the subscripts to a matrix serve
to recall its size, e.g. X, , is an n x p matrix.) This step is
useful as soon as p > r = rank(X). When p > n we obtain a
huge reduction. For spectral data, e.g. n = 50, p = 1000, this
reduces the 1000-dimensional original data set to one in only 49
dimensions.

The main step of the RAPCA algorithm is then to search
for the direction in which the projected observations have the
largest robust scale. This univariate scale is measured by the
Q,, estimator [2]. Comparisons using other scale estimators are
presented in Croux and Ruiz-Gazen (46) and Cui et al. (47). To
make the algorithm computationally feasible, the collection of
directions to be investigated are restricted to all directions that
pass through the L'-median and a data point. The L'-median is
a highly robust (50% breakdown value) location estimator, also
known as the spatial median. It is defined as the point 8 which
minimizes the sum of the distances to all observations.

Having found the first direction v, the data are reflected such
that the first eigenvector is mapped onto the first basis vector.
Then the data are projected onto the orthogonal complement of
the first eigenvector. This is done simply by omitting the first
component of each (reflected) point. Doing so, the dimension
of the projected data points can be reduced by one and con-
sequently, the computations do not need to be done in the full
r-dimensional space.

The method can then be applied in the orthogonal comple-
ment to search for the second eigenvector, and so on. It is not
required to compute all eigenvectors, which would be very time-
consuming for high p, since the computations can be stopped as
soon as the required number of components has been found.

Note that a PCA analysis often starts by prestandardizing the
data in order to obtain variables that all have the same spread.
Otherwise, the variables with a large variance compared to the
others will dominate the first principal components. Standardiz-
ing by the mean and the standard deviation of each variable yields
a PCA analysis based on the correlation matrix instead of the
covariance matrix. We prefer to standardize each variable j in a
robust way, e.g. by first subtracting its median med(xy, .. ., X,;)
and then dividing by its robust scale estimate Q,(x1j, ..., Xu;).

Robust PCA Based on Projection Pursuit and the MCD
Another approach to robust PCA has been proposed in Hubert
et al. (48) and is called ROBPCA. This method combines ideas
of both projection pursuit and robust covariance estimation. The
projection pursuit part is used for the initial dimension reduction.
Some ideas based on the MCD estimator are then applied to this

lower-dimensional data space. Simulations have shown that this
combined approach yields more accurate estimates than the raw
projection pursuit algorithm RAPCA. The complete description
of the ROBPCA method is quite involved, so here we will only
outline the main stages of the algorithm.

First, as in RAPCA, the data are preprocessed by reducing
their data space to the affine subspace spanned by the n ob-
servations. In the second step of the ROBPCA algorithm we
compute the outlyingness of each data point by [11], where
the median is replaced by the univariate MCD location and the
MAD is replaced by the univariate MCD scale. (When dealing
with skewed multivariate distributious, one can use the adjusted
outlingness shown earlier). To keep the computation time fea-
sible, d ranges over all directions determined by lines passing
through two data points. Next, the covariance matrix 3, of the
h data points with smallest outlyingness is computed. The last
stage of ROBPCA consists of projecting all the data points onto
the k-dimensional subspace spanned by the k largest eigenvec-
tors of 33, and of computing their center and shape by means of
the reweighed MCD estimator of [9] and [10]. The eigenvectors
of this scatter matrix then determine the robust principal com-
ponents which can be collected in a loading matrix P, ; with
orthogonal columns. The MCD location estimate ft, serves as
arobust center. The influence functions of both f1, and P, ; are
bounded (49).

Since the loadings are orthogonal, they determine a new coor-
dinate system in the k-dimensional subspace that they span. The
k-dimensional scores of each data point ¢; are computed as the
coordinates of the projections of the robustly centered x; onto
this subspace, or equivalently ¢; = P/Z, »(Xi — fr,). The orthog-
onal distance measures the distance between an observation x;
and its projection X; in the k-dimensional PCA subspace:

Xi = fr, + Ppit; [19]
OD; = [|x; — %] [20]

Let Ly ; denote the diagonal matrix which contains the k eigen-
values /; of the MCD scatter matrix, sorted from largest to small-
est. Thusly > I, > - .- > I;. The score distance of the ith sample
measures the robust distance of its projection to the center of all
the projected observations. Hence, it is measured within the PCA
subspace, where due to the knowledge of the eigenvalues, we
have information about the covariance structure of the scores.
Consequently, the score distance is defined as in [8]:

SD,' = ‘/tl»TL_lti =

Moreover, the k robust principal components generate a p X p
robust scatter matrix 3, of rank k given by

(21]

3, =PpLii Pl [22]

We can plot the OD; [20] versus the SD; [21] in an outlier
map [48]. This way four types of observations are visualized.
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Regular observations have a small orthogonal and a small score
distance. When samples have a large score distance, but a small
orthogonal distance, they are called good leverage points. Or-
thogonal outliers have a large orthogonal distance, but a small
score distance. Bad leverage points have a large orthogonal dis-
tance and a large score distance. They lie far outside the space
spanned by the principal components, and after projection far
from the regular data points. Typically they have a large influ-
ence on classical PCA, as the eigenvectors will be tilted towards
them.

Other proposals for robust PCA include the robust LTS-
subspace estimator and its generalizations (7, 50). The idea
behind these approaches consists in minimizing a robust
scale of the orthogonal distances, similar to the LTS estima-
tor and S-estimators in regression. Also the Orthogonalized
Gnanadesikan-Kettenring estimator (51) is fast and robust, but
it is not orthogonally equivariant. This implies that when the
data are rotated, the principal components do not transform
accordingly.

Selecting the Number of Principal Components

To choose the optimal number of loadings ko there exist
many criteria. For a detailed overview, see Jolliffe (52). A pop-
ular graphical technique is based on the scree plot, which shows
the eigenvalues in decreasing order. One then selects the index
of the last component before the plot flattens.

A more formal criterion considers the total variation which
is explained by the first k loadings, and requires e.g. that

kopl P
(Zg)/(Zz,-) > 80% [23]
j=1 j=1

Note that this criterion cannot be used with ROBPCA as the
method does not yield all p eigenvalues. But we can apply it
to the eigenvalues of the covariance matrix of 32, that was con-
structed in the second stage of the algorithm.

Another criterion that is based on the predictive ability of
PCA is the PREdicted Sum of Squares (PRESS) statistic. To
compute the (cross-validated) PRESS value at a certain k&, the
ith observation is removed from the original data set (for i =
1, ..., n), the center and the k loadings of the reduced data set
are estimated, and then the fitted value of the ith observation is
computed following [19] and denoted as X_;. Finally, we set

PRESS; = ) " |lx; — &’ [24]
i=1

The value k for which PRESS;, is small enough is then considered
as the optimal number of components k. One could also apply
formal F-type tests based on successive PRESS values (53, 54).

The PRESS; statistic is however not suited at contaminated
data sets because it also includes the prediction error of the
outliers. Even if the fitted values are based on a robust PCA
algorithm, their prediction error might increase PRESS; because
they fit the model badly. To obtain a robust PRESS value, the

following procedure (55) can be applied. For each PCA model
under investigation (k = 1, ..., knx), the outliers are marked.
These are the observations that exceed the horizontal and/or the
vertical cut-off value on the outlier map. Next, all the outliers
are collected (over all k) and they are removed together from the
sum in [24]. Doing so, the robust PRESS; value is based on the
same set of observations for each k. Fast algorithms to compute
such a robust PRESS value have been developed (55).

An Example

We illustrate ROBPCA and the outlier map on a data set that
consists of spectra of 180 ancient glass pieces over p = 750
wavelengths (56). Three components are retained for CPCA and
ROBPCA, yielding a classical explanation percentage of 99%
and a robust explanation percentage (23) of 96%.

The resulting outlier maps are shown in Figure 6. In the out-
lier map in Figure 6a we see that CPCA does not find big outliers.
On the other hand the ROBPCA map of Figure 6b clearly dis-
tinguishes two major groups in the data, a smaller group of bad
leverage points, a few orthogonal outliers and the isolated case
180 in between the two major groups. A high-breakdown method
such as ROBPCA treats the smaller group with cases 143—-179
as one set of outliers. Later, it turned out that the window of the
detector system had been cleaned before the last 38 spectra were
measured. As a result of this less radiation (X-rays) is absorbed
and more can be detected, resulting in higher X-ray intensities.
The other bad leverage points (57-63) and (74-76) are samples
with a large concentration of calcic. The orthogonal outliers (22,
23 and 30) are borderline cases, although it turned out that they
have larger measurements at the channels 215-245. This might
indicate a higher concentration of phosphor.

LINEAR REGRESSION IN HIGH DIMENSIONS

When the number of independent variables p in a regression
model is very large or when the regressors are highly corre-
lated (this is known as multicollinearity), traditional regression
methods such as ordinary least squares tend to fail.

An important example in chemometrics is multivariate cali-
bration, whose goal is to predict constituent concentrations of a
material based on its spectrum. Since a spectrum typically ranges
over alarge number of wavelengths, it is a high-dimensional vec-
tor with hundreds of components. The number of concentrations
on the other hand is usually limited to at most, say, five. In the
univariate approach, only one concentration at a time is modelled
and analyzed. The more general problem assumes that the num-
ber of response variables ¢ is larger than one, which means that
several concentrations are to be estimated together. This model
has the advantage that the covariance structure between the con-
centrations is also taken into account, which is appropriate when
the concentrations are known to be strongly intercorrelated with
each other. Here, we will write down the formulas for the gen-
eral multivariate setting [14] for which ¢ > 1, but they can of
course be simplified when g = 1.
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FIG. 6. Outlier map of the glass data set based on three principal components computed with (a) CPCA; (b) ROBPCA.

Principal Component Regression (PCR) and Partial Least
Squares Regression (PLSR) are two methods frequently used
to build regression models in very high dimensions. Both as-
sume that the linear relation [14] between the x- and y-variables
is a bilinear model which depends on k scores Z;:

xi=3_C+Pp,kii+f,’ [25]
yi=y+A di+g [26]

with X and y the mean of the x- and y-variables.

Typically k is taken much smaller than p. Consequently, both
PCR and PLSR first try to estimate the scores #;. Then a tra-
ditional regression can be used to regress the response y onto
these low-dimensional scores. In order to obtain the scores, one
can perform PCA on the independent variables. This is the idea
behind PCR. In this case no information about the response vari-
able is used when reducing the dimension. Therefore PLSR is
sometimes more appropriate, as this method estimates the scores
maximizing a covariance criterion between the independent and
dependent variable. In any case, the original versions of both
PCR and PLSR strongly rely on classical PCA and regression
methods, making them very sensitive to outliers.

Robust PCR

A robust PCR method (RPCR) was proposed by Hubert and
Verboven (57). In the first stage of the algorithm, robust scores
t; are obtained by applying ROBPCA to the x-variables and re-
taining k components. In the second stage of RPCR, the original
response variables y; are regressed on the #; using a robust re-
gression method. If there is only one response variable (g = 1),
the reweighed LTS estimator is applied. If ¢ > 1 the MCD-
regression is performed. Note that the robustness of the RPCR

algorithm depends on the value of 4 which is chosen in the
ROBPCA algorithm and in the LTS and MCD-regression. Al-
though it is not really necessary, it is recommended to use the
same value in both steps. Using all robust distances in play, one
can again construct outlier maps to visualize outliers and classify
observations as regular observations, PCA outliers or regression
outliers.

Robust PLSR

In PLSR the estimation of the scores (25) is a little bit more
involved as it also includes information about the response vari-
able. Let X'n, » and Y,w denote the mean-centered data ma-
trices. The normalized PLS weight vectors r, and ¢, (with

lIrall = llq,1] = 1) are then defined as the vectors that maximize
~T ~
- - Y X

cov(an, Xra) = q‘{n — lra = qZSyxra [27]

for eacha = 1, ..., k, where S)T,)C =8, =X"Y/(n—1)is

the empirical cross-covariance matrix between the x- and the
y-variables. The elements of the scores #; are then defined as
linear combinations of the mean-centered data: 7;, = iiTra, or
equivalently T,l,k = Xn,pR,,,k with Ry = (r1, ..., 7).

The computation of the PLS weight vectors can be performed
using the SIMPLS algorithm (58). The solution of the maximiza-
tion problem [27] is found by taking r| and ¢, as the first left
and right singular eigenvectors of S,,. The other PLSR weight
vectors r, and g, fora = 2, ..., k are obtained by imposing
an orthogonality constraint to the elements of the scores. If we
require that ) ;_, t;,1;, = 0 for a # b, a deflation of the cross-
covariance matrix Sy, provides the solutions for the other PLSR
weight vectors. This deflation is carried out by first calculating
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the x-loading
P, = era/(rgsxra) [28]

with S, the empirical covariance matrix of the x-variables. Next
an orthonormal base {v{, ..., v,}of {p,, ..., p,} is constructed
and S, is deflated as

Sty =S5 —va(vasy')
with S}(y = S,,. In general the PLSR weight vectors r, and ¢,
are obtained as the left and right singular vector of S7,.

A robust method RSIMPLS has been developed in (59). It
starts by applying ROBPCA to the joint x- and y-variables in or-
der to replace Sy, and S by robust estimates, and then proceeds
analogously to the SIMPLS algorithm.

More precisely, to obtain robust scores, ROBPCA is first ap-
plied to the joint x- and y-variables Z, ,, = (X, ;. Y, ) with
m = p + q. Assume we select ky components. This yields a
robust estimate fi, of the center of Z, and following [22] an es-
timate ﬁ)z of its shape. These estimates can then be split into
blocks, just like [18]. The cross-covariance matrix X, is then
estimated by s «y and the PLS weight vectors r, are computed
as in the SIMPLS algorithm, but now starting with ﬁ)xy instead
of Sy,. In analogy with [28] the x-loadings p j are defined as
pj = X.r;/(r]Z,r;). Then the deflation of the scatter matrix
E;’y is performed as in SIMPLS. In each step, the robust scores
are calculated as t;, = ¥/ r, = (x; — f1,)'r, where ¥; = x; — f1,
are the robustly centered observations.

Next, we need a robust regression of y; on ¢;. This could
again be done using the MCD-regression method shown earlier.
A faster approach is also possible (59), by explicitly making use
of the prior information given by ROBPCA in the first step of
the algorithm.

This RSIMPLS approach yields bounded influence functions
for the weight vectors r, and g, and for the regression estimates
(49, 60). Also the breakdown value is inherited from the MCD
estimator.

Another robustification of PLSR has been proposed in (61). A
reweighing scheme is introduced based on ordinary PLSR lead-
ing to a fast and robust procedure. The algorithm can however
only deal with the univariate case (g = 1).

Model Calibration and Validation

An important issue in PCR and PLSR is the selection of
the optimal number of scores kop. A popular approach consists
of minimizing the root mean squared error of cross-validation
criterion RMSECV, defined as

1 n R
RMSECVk\/; Zi:l 1y — J_ixll? [29]

with §_; , the cross-validated prediction of y; based on k scores.
The goal of the RMSECV, statistic is two-fold. It yields an
estimate of the root mean squared prediction error E(y — §)?
when k components are used in the model, whereas the curve

of RMSECV, fork =1, ..., knax is a graphical tool to choose
the optimal number of scores.

As argued for the PRESS statistic [24] in PCA, also this
RMSECYV;,, statistic is not suited for contaminated data sets, be-
cause it includes the prediction error of the outliers. A robust
RMSECV (R-RMSECV) measure was constructed in (62) by
omitting the outliers from the sum in [29]. In a naive algorithm
this approach would of course be extremely time consuming,
since we have to run the entire RPCR (or RSIMPLS) algo-
rithm n times (each time deleting another observation in the
cross-validation) for every possible choice of k. In (62), a faster
algorithm was proposed, which efficiently reuses results and in-
formation from previous runs. The R-RMSECV, criterion is a
robust measure of how well the model predicts the response for
new observations. If we want to see how well the model fits the
given observations, we can define a very similar goodness-of-fit
criterion. The root mean squared error (RMSE;y) is calculated
by replacing y_; , in [29] by the fitted value 9, , obtained using
all observations including the ith one. As for R-RMSECV,, a
robust R-RMSE,, does not include the outliers to compute the
average squared error. Finally, a Robust Component Selection
(RCS) statistic is defined (62) by

RCS; = \/ yR-RMSECV? + (1 — y)R-RMSE?

with a tuning parameter y € [0, 1]. If the user selects a small
y, then the goodness-of-fit becomes the most important term.
Choosing y close to one on the other hand emphasizes the im-
portance of the quality of predictions. If the user has no a priori
preference, y = 0.5 can be selected in order to give equal weight
to both terms. Finally, a plot of RCSy, versus k offers an easy way
of visually selecting the most appropriate k.

An Example

The robustness of RSIMPLS is illustrated on the octane data
set (63) consisting of NIR absorbance spectra over p = 226
wavelengths ranging from 1102 nm to 1552 nm with measure-
ments every two nm. For each of the n = 39 production gaso-
line samples the octane number y was measured, so ¢ = 1. It
is known that the octane data set contains six outliers (25, 26,
36-39) to which alcohol was added.

Figure 7 shows the RCS curves for y equal to 0, 0.5 and 1.
Choosing k = 1 is clearly a bad idea, since the prediction error
is very high in that case. From two components on, the RCS
curve becomes rather stable. For y > 0.5, the minimal error is
attained at k = 6, which would be a good choice. The difference
with k = 2 is not very big however, so for the sake of simplicity
we decided to retain kK = 2 components.

The resulting outlier maps are shown in Figure 8. The
robust PCA outlier map is displayed in Figure 8a. Accord-
ing to model [25], it displays the score distance SD; =

\/(t,- — ﬂ,)TEAJ:I(t,- — [r,) on the horizontal axis, where fi, and
3%, are derived in the regression step of the RSIMPLS algorithm.
On the vertical axis it shows the orthogonal distance of the
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FIG. 7. RCS curve for the octane data set, y = 0 (line with triangles), ¥ = 0.5 (dashed line) and y = 1 (line with circles).

observation to -space, so OD; = ||x; — f1, — P, it;||. We im-
mediately spot the six samples with added alcohol. The SIMPLS
outlier map is shown in Figure 8b. We see that this analysis only
detects the outlying spectrum 26, which does not even stick out
much above the border line. The robust regression outlier map
in Figure 8c shows that the outliers are good leverage points,
whereas SIMPLS again only reveals case 26.

CLASSIFICATION

Classification in Low Dimensions

The goal of classification, also known as discriminant anal-
ysis or supervised learning, is to obtain rules that describe the
separation between known groups of observations. Moreover, it
allows to classify new observations into one of the groups. We
denote the number of groups by / and assume that we can de-
scribe our experiment in each population 7r; by a p-dimensional
random variable X ; with density function f;. We write p; for the
membership probability, i.e., the probability for an observation
to come from 7;.

The maximum likelihood rule classifies an observation x into
7 if In(p,, f,(x)) is the maximum of the set {In(p; f;(x)); j =
1, ..., I}. If we assume that the density f; for each group is
gaussian with mean p; and covariance matrix X, then it can
be seen that the maximum likelihood rule is equivalent to max-
imizing the discriminant scores de(x) with

o 1 1 Tl
di(x) = —EIH‘EJ" - E(X—Hj) (e —pp) +Inp))
[30]

Thatis, xis allocated to 7, ifd,g(x) > de(x) forallj =1, ...,
(see e.g. Johnson and Wichern (64)).

In practice p;, 3; and p; have to be estimated. Classi-
cal Quadratic Discriminant Analysis (CQDA) uses the group’s
mean and empirical covariance matrix to estimate p; and X;.
The membership probabilities are usually estimated by the
relative frequencies of the observations in each group, hence
j?]c = n;/n with n; the number of observations in group j.

A Robust Quadratic Discriminant Analysis (65) (RQDA) is
derived by using robust estimators of p;, ¥; and p;. In par-
ticular, if the number of observations is sufficiently large with
respect to the dimension p, we can apply the reweighed MCD
estimator of location and scatter in each group. As a by-product
of this robust procedure, outliers (within each group) can be
distinguished from the regular observations. Finally, the mem-
bership probabilities can be robustly estimated as the relative
frequency of the regular observations in each group, yielding

P

J
When all the covariance matrices are assumed to be equal,
the quadratic scores [30] can be simplified to

1
df(x)=plE "x - Eu;z-‘uj +In(p;) [31]

where 3 is the common covariance matrix. The resulting scores
[31] are linear in x, hence the maximum likelihood rule belongs
to the class of linear discriminant analysis. It is well known
that if we have only two populations (! = 2) with a common
covariance structure and if both groups have equal membership
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FIG. 8. (a) PCA outlier map of the octane data set obtained with RSIMPLS; (b) with SIMPLS; (c) Regression outlier map obtained

with RSIMPLS; (d) with SIMPLS.

probabilities, this rule coincides with Fisher’s linear discrimi-
nant rule. Again the common covariance matrix can be estimated
by means of the MCD estimator, e.g. by pooling the MCD esti-
mates of the groups. Robust linear discriminant analysis based
on the MCD estimator (or S-estimators) has been studied by
several authors (65-68).

Classification in High Dimensions

Classical SIMCA. When the data are high-dimensional, the
approach of the previous section cannot be applied anymore be-
cause the MCD becomes undefined. This problem can be solved
by applying a dimension reduction procedure (PCA) on the

whole set of observations. Instead, one can also apply a PCA
method on each group separately. This is the idea behind the
SIMCA method (Soft Independent Modelling of Class Anal-

ogy) of (69).
Suppose again that we have / groups with p-dimensional data
matrices X/, Jj =1, ...,1. Denote n; the number of observa-

tions in group j. The SIMCA method starts by performing PCA
on each group X/ separately. Let k; denote the number of re-
tained principal components in group j. New observations are
then classified by means of their distances to the different PCA
models. The choice of an appropriate distance however is a diffi-
cult task. A first idea is to use the orthogonal distances obtained
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RSIMCA

FIG. 9. (a) Boxes based on classical PCA, which are blown up by some outliers; (b) ellipsoids based on robust PCA.

from the PCA analysis, cfr. [20]. Denote OD") the orthogonal
distance from a new observation x to the PCA hyperplane for
the jth group. Denote OD! the orthogonal distance from the ith
observation in group j to the PCA hyperplane for the jth group.
Then for j ranging from 1 to /, an F-test is performed with test
statistic (s'/)/s;)* where
; n 2
(VY = (ODV))? and 52— >l (0D))
p—kj T (p =k —k; =1

If the observed F-value is smaller than the critical value, x
is said to belong to group j. Note that an observation can
be classified in many different groups, hence the term Soft in
SIMCA.

This approach based, on the orthogonal distances only, turned
out not to be completely satisfactory. To fully exploit applying
PCA in each group separately, it was suggested to include the
score distances [21] as well. They can be used to construct a
multi-dimensional box around the jth PCA model. In Figure 9a
these boxes are plotted for a three-dimensional example with
three groups. A boundary distance BD/ is then defined as the
distance of a new observation x to the box for the jth group.
Assigning x to any of the [ classes is then done by means of an
F-test based on a linear combination of (BD/!)? and (ODV))2.

Robust SIMCA. A first step in robustifying SIMCA can
be obtained by applying a robust PCA method, such as
ROBPCA, to each group (70). The number of components
in each group can e.g. be selected by robust cross-validation,
as explained earlier. Also the classification rule needs to be
changed, since the SIMCA boxes are defined in such a way
that they contain all the observations. When outliers are present
these boxes can thus be highly inflated, as demonstrated in
Figure 9a.

Figure 9b shows robust ellipsoids (70) of the groups. A new
observation x is classified in group m if

V(ODjv(x)) - y)(SDjh(x)>
Cj Cj

is smallest for j = m, where OD (resp. SD) now denotes the
orthogonal (resp. score) distance to a robust PCA model. The
numbers ¢ and cif are carefully chosen normalizers. The tun-
ing parameter 0 < y < 1 is added for two reasons. If the user
a priori judges that the OD (resp. the SD) is the most impor-
tant criterion to build the classifier, the parameter y can be
chosen close to one (resp. zero). Otherwise, y can be selected
such that the misclassification probability is minimized. This
probability can be estimated by means of a validation set or
by cross-validation.

Also in this setting, outlier maps are helpful graphical tools to
gain more insight in the data. We illustrate RSIMCA on the fruit
data set (65). It contains the spectra of three different cultivars
of a melon. The cultivars (named D, M and HA) have sizes 490,
106 and 500, and all spectra are measured in 256 wavelengths.
The RSIMCA classification rules were derived on a training set,
consisting of a random subset of 60% of the samples. Figure 10a
shows the outlier map of cultivar HA. It plots the (SD;, OD;)
for all 500 observations, using circles for the training data and
crosses for the validation data. We immediately detect a large
group of outliers. As it turns out, these outliers were caused
by a change in the illumination system. Figure 10b depicts the
corresponding outlier map using the classical SIMCA results.
In this case the outliers remain undetected: another example of
the masking effect from which non-robust methods can suffer.
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FIG. 10. Fruit data, cultivar HA. (a) Outlier map for RSIMCA; (b) outlier map for classical SIMCA.

SUPPORT VECTOR MACHINES

In all methods considered so far, a linear model was explic-
itly assumed. In real applications this can sometimes be too
restrictive, as more complicated non-linear structures might un-
derlie the data. In this section we briefly describe Support Vector
Machines, a powerful tool for non-linear modelling. Excellent
introductory material on this subject can be found in (71-73).

Linear Classification

Assuming two groups of data, the classification data can be
formulated as n observations (x;, y;) with input data x; in R”
and group labels y; in {—1, 1}. Consider a linear classifier

$ = sign(w’ x + b)

defined by the slope parameter w in R” and the offset b in R. We
say that the two groups of data are separable if there exists a lin-
ear hyperplane that provides a perfect classification. Many such
separating hyperplanes may exist. To select an optimal classi-
fier, Vapnik (74) considered a rescaling of the problem such that
the points closest to the hyperplane satisfy |wTx; + b| = 1.
When the data of the two classes are separable, we have that
yiwTx;+b) > 1foralli =1, ..., n. After rescaling the prob-
lem in this way, one can prove that the margin equals 2/||w||5.
The margin is twice the distance between the hyperplane and the
nearest point (see Figure 11a for an illustration). The optimal
classifier is then defined as the one that maximizes this margin,
or equivalently minimizes ||w||,/2. Thus the primal optimiza-
tion problem for linear Support Vector Machines (SVM) in case
of separable data is formulated as follows:

1
miilszw such that yi(wa,- +b)>1, i=1,...,n [32]

One of the key ingredients of SVMs is the possibility to translate
this primal formulation into a so-called dual formulation. Using
Lagrange multipliers, one can prove that the decision boundary
corresponding to the solution of [32] can be written in the form

) = sign(Zaiyix? x + b) [33]
i=1
The numbers «;, i = 1, ..., n can be obtained from a quadratic
programming problem:

| o n n
max <— ) Z yivix! xjeioy + ZOQ) such that Zaiyi =0

* Q=1 i=I i=l
[34]

This dual formulation has some interesting properties:

e It can be solved using common techniques from opti-
mization theory. Moreover, the solution is unique under
mild conditions.

e Many of the resulting «; values are zero. Hence the
obtained solution vector is sparse. This means that the
classifier in [33] can be constructed using only the non-
zero «;. Therefore, fast evaluation of the classification
rule is possible even for very large data sets. Moreover
the non-zero «; have geometrical meaning since they
are the observations close to the decision boundary (see
Figure 11 b). For these reasons the non-zero ¢; received
the name support vectors.

e The complexity of the dual problem grows with the
number of observations n and not with the dimension p.
Therefore Support Vector Machines can easily handle
very high-dimensional data sets.
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FIG. 11. (a) Maximizing the margin; (b) Non-linear SVM classification. The enlarged observations are the support vectors deter-

mining the decision boundary.

General SVM Classification

The assumption of separable data is of course very unreal-
istic. It is however possible to extend the SVM framework to
non-separable and even non-linear cases (75). The primal opti-
mization problem becomes

mm w w4+ c Z & such that

yi(w ¢(xl)+b)21_§lv i=15"'7n [35]

Comparing with [32] there are two main differences. In order
to cover the case of non-separable data, slack variables &; were
introduced to allow for misclassification. The penalty for mis-
classifications is determined by the constant ¢. A good choice
of c is very important. If ¢ is too small, misclassifications are
not penalized enough, resulting in a poor classification. If ¢ is
too large, the method will overfit the given observations and suf-
fer from a lack of generalization, leading to poor performance
when classifying new observations. In practice c is usually de-
termined through cross-validation. A second difference between
[32] and [35] is the appearance of the function ¢, which is
called the feature map, allowing non-linear decision boundaries
§(x) = w'(x) + b.

This primal problem is impossible to solve due to the un-
known feature map ¢. However, in the dual formulation this ¢
miraculously disappears in favor of a pre-defined kernel function
K :R?” xR - R : (x,t) — K(x,t) This is the kernel trick.
Many possible kernels are proposed in the literature. The most
common choices are the linear kernel x” ¢+1 for linear classifica-
tion, the polynomial kernel for polynomial decision boundaries
(e.g. a parabola), and the Gaussian kernel (with bandwidth o)

K(x,t) = e !*11”/29% for general nonlinear, semiparametric
decision boundaries.
The dual problem of [35] then becomes

max (— = Z yiviK (xi, ey + Z“!) such that

i,/=1

Zaiyi =0 and O0<qu; <c

i=1
This is again a straightforward quadratic programming problem,
yielding a sparse vector of solutions «; defining the decision
boundary

$(x) = sign (ZaiyiK(xiT, x) + b)
izl

that one can use to classify a new observation x in R”.

Several related methods have been proposed in recent years.
An important extension consists of replacing the slack variables
& in [35] by some loss function of &;. One could for example
use Eiz, resulting in Least Squares SVM (76). This way the dual
formulation becomes a linear programming problem, which can
generally be solved faster than a quadratic one. On the other hand
sparseness is lost, since all solutions «; are non-zero for Least
Squares SVM. Another possibility is to consider a logistic loss
function (77). The resulting Kernel Logistic Regression method
can be appealing if one wants to estimate the probability that
an observation belongs to a certain class. Such probabilities can
only be estimated via this method, not via the standard SVM
formulation. On the other hand, kernel logistic regression is often
very involved computationally.
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Robustness

Support Vector Machines and related methods are gaining
popularity because they offer good predictions in complex and
high dimensional data structures. In recent years some interest-
ing results were obtained with respect to their robustness. In
(78) the influence function of a broad class of kernel classifiers
was investigated. It was proven that the robustness properties of
SVM classification strongly depend on the choice of the kernel.
For an unbounded kernel, e.g. a linear kernel, the resulting SVM
methods are not robust and suffer the same problems as tradi-
tional linear classifiers (such as the classical SIMCA method).
However, when a bounded kernel is used, such as the Gaussian
kernel, the resulting non-linear SVM classification handles out-
liers quite well. Thus non-linear modelling is not only appealing
when one suspects a complex data structure for which a linear
decision boundary is too simple: it can also be an interesting
option when the data might contain outliers.

Regression

Originally Support Vector Machines were introduced for
classification, as outlined in the previous paragraphs. Nowadays
the framework is much broader. Similar ideas have been suc-
cessfully proposed in many other areas of statistical modelling
(76, 79). For regression, the main ideas are very similar to the
classification case including

1. Choice of a loss function. The most common choice is
Vapnik’s e-insensitive loss function, a modification of the
traditional L; loss function, leading to Support Vector Re-
gression (SVR). Also an L, loss function (Least Squares
SVR) can be appealing computationally.

2. Choice of a kernel. The main choices are the linear, poly-
nomial, and Gaussian kernel, leading to linear, polynomial,
and nonlinear semiparametric regression. Within the chemo-
metrical literature, the Pearson Universal Kernel was very
recently introduced (80) and good results were reported.

3. A primal formulation that can be translated into a dual for-
mulation with the same benefits as in the classification case:
the solution vector is sparse; obtaining the solution is com-
putationally very feasible (quadratic programming problem
for Vapnik’s e-insensitive loss, linear programming for least
squares loss); the complexity of the dual problem is indepen-
dent of the dimension of the problem at hand.

The robustness of these kernel-based regression methods was
recently investigated (81). As in classification, the kernel plays
an important role. A linear kernel leads to non-robust methods.
Hence linear support vector regression can suffer the same prob-
lems with outliers as traditional methods, such as ordinary least
squares regression in low dimensions or PCR and PLS in high di-
mensions. On the other hand, abounded kernel (e.g. the Gaussian
kernel) leads to quite robust methods with respect to outliers in x-
space. In order to reduce the effect of vertical outliers, one should
choose a loss function with a bounded derivative. Vapnik’s e-
insensitive loss function is thus a good choice, in contrast with

the nonrobust least squares loss function. However, the latter can
be improved drastically by some reweighting steps (82).

An Example

We reconsider the octane data set reviewed earlier. There we
found six outlying observations using RSIMPLS and its outlier
map. Let us now look at the predictive power of RSIMPLS and
kernel based regression. For this, we compute the RMSECV
criterion [29] but take the sum only over all regular observations.
For RSIMPLS this yields a prediction error of 0.32 when k = 2
scores are considered, and a prediction error of 0.24 at k =
6. When we use a support vector regression with Vapnik’s e-
insensitive loss function (¢ = 0.05) and a Gaussian kernel, we
obtain RMSECV = 0.22.

SVR thus yields the smallest prediction error. It is however
very important to note that RSIMPLS and SVR deal with the
outliers in a very different way. RSIMPLS explicitly tries to de-
tect the outliers and downweight their effects. The robustness
of SVR is due to its non-linearity and inherent flexibility, mak-
ing it possible to build one model giving good prediction results
for both the good data and the outliers. However, as the out-
liers are taken into the model, it is impossible to detect them
in a straightforward way. In this respect the methods are quite
complementary. The raw predictive power of non-linear SVMs
and the exploratory, insightful tools of linear robust methods
can provide a powerful combination for high-dimensional data
analysis.

MULTI-WAY ANALYSIS

So far, only data matrices were considered, but many experi-
ments give rise to more complex data structures, where different
sets of variables are measured at the same time. It is shown in
e.g. (83) that preserving the nature of the data set by arrang-
ing it in a higher-dimensional tensor, instead of forcing it into a
matrix, leads to a better understanding and more precise mod-
els. Such complex data structures are called multi-way data sets.
Different techniques exist to analyze these multi-way arrays,
among which PARAFAC and Tucker3 are the most popular ones
(seee.g. 84—86). They aim at constructing scores and loadings to
express the data in a more comprehensive way. From this point
of view, PARAFAC and Tucker3 can be seen as generalizations
of principal components analysis (PCA) to higher-order tensors
(87).

The methods discussed below are only described for three-
way data, but generalizations to higher-order tensors are possi-
ble. Three-way data X contain / observations that are measured
for J and K variables. PARAFAC decomposes the data into tri-
linear components. The structural model can be described as

F
Xijk = Zaifbjfckf + ejjk [36]

=
where a;f, by and ¢y are parameters describing the importance
of the samples/variables to each component. The residual e; jx
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contains the variation not captured by the PARAFAC model.
In terms of the unfolded matrix X?*/X this model can also be
written as

XK = A(coB)! + E [37]

with A an (I x F)-matrix of scores, B a (J x F)-matrix of
loadings, and C a (K x F)-matrix of loadings. The number F
stands for the number of factors to include in the model, E is the
error term and © is the Kathri-Rao product, which is defined by
COB = [vec(bicl), ..., vec(brch)]. The vec operator yields
the vector obtained by unfolding a matrix column-wise to one
column. The PARAFAC model is often used to decompose fluo-
rescence data into tri-linear components according to the number
of fluorophores (F) present in the samples. The observed value
x;jx then corresponds to the intensity of sample i at emission
wavelength j and excitation wavelength k.

The scores and loadings of the PARAFAC model are esti-
mated by minimizing the objective function

J K

2.

i=1 j=1 k=1

(o = $300° = 11X = Il = [1X —AC0B)'|[}.
[38]

An algorithm based on alternating Least Squares (ALS) is used
for this purpose (see e.g. (87)). This means that given initial es-
timates for B and C, A is estimated conditionally on B and C by
minimizing [38]. If we define Z = C© B the optimization prob-
lem can be reduced to minimizing || X — AZT| |2, which gives
rise to the classical least squares regression problem. A least
squares estimate for A is therefore given by A = XZ(Z7 Z)*
with (ZT Z)* the Moore-Penrose inverse of (Z7 Z). Estimates
for B and C are found analogously.

Classical diagnostic plot
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It is obvious that the model will be highly influenced by out-
liers, as a least squares minimization procedure is used. It is
important to distinguish two types of outliers. The first type,
called outlying samples, are observations that have a deviating
profile compared to the majority of observations. A second type
of outliers, called elementwise outliers, are individual data ele-
ments that are unexpected, whereas other data elements of the
same sample or the same data element for other samples may be
fine. A typical example is scattering in fluorescence data.

Dealing with both types of outliers requires different ap-
proaches. For the elementwise corruption an automated method
foridentifying scattering in fluorescence data was proposed (88),
which uses the ROBPCA method seen earlier.

To cope with entire outlying samples, a robust counterpart
for PARAFAC has been constructed (89). The procedure starts
by looking for £ < h < I points that minimize the objective
function [38]. The value of 4 plays the same role as in the MCD
estimator and the LTS estimator. To find this optimal /-subset,
ROBPCA is applied to the unfolded data X/ */X and the & points
with the smallest residuals from the robust subspace are taken
as initial h-subset. After performing the classical PARAFAC
algorithm on these & points, the h-subset is updated by taking
the & observations with smallest residuals. This whole procedure
is iterated until the relative change in fit becomes small. Finally,
a reweighting step is included to increase the accuracy of the
method.

We illustrate the robust methods on the three-way Dorrit data
(90, 91), which is a fluorescence data set containing both scatter-
ing and outlying samples. Four fluorophores are mixed together
for different sets of concentrations, so F = 4. The data set con-
tains 27 excitation-emission (EEM) landscapes with emission

Robust diagnostic plot
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FIG. 12. Outlier maps of the Dorrit data set based on (a) classical PARAFAC and (b) robust PARAFAC.
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FIG. 13. Emission (left) and excitation (right) loadings for the
PARAFAC algorithms.

wavelengths ranging from 200 nm to 450 nm every 5 nm for
excitation at wavelengths from 200 nm to 350 nm at 5 nm in-
tervals. Some noisy parts situated at the excitation wavelengths
from 200-230 nm and at emission wavelengths below 260 nm
are excluded before the PARAFAC models are built. This means
that we end up with a data array of size 27 x 116 x 18.

First, we detect the scatter regions by the automated method
(88) and replace the identified elementwise outliers by interpo-
lated values. To find the outlying EEM-landscapes, we apply the
robust PARAFAC method and construct outlier maps (defined
analogously to PCA). The classical and robust outlier maps are
depicted in Figure 12. In the classical outlier map, observation
10 is marked as a residual outlier whereas samples 2, 3,4 and 5
are flagged as good leverage points. The robust analysis yields
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Dorrit data set, using the classical (top) and robust (bottom)

a very different conclusion. It shows that that samples 2, 3 and
5 are bad leverage points. In order to find out which of these
results we should trust, the emission and excitation loadings are
plotted in Figure 13. The classical results in Figure 13(a—b) are
corrupted by the outliers, as neither the emission loadings nor
the excitation loadings correspond to the expected profiles of
the known chemical compounds [see e.g. (90)]. Moreover, we
can compute the angle between the estimated and the reference
subspaces for the B- and C-loadings. This yields 1.34 and 0.44,
which confirms that the classical estimates are far off. On the
other hand, based on visual inspection of Figure 13(c—d) and the
angles 0.06 for the B-loadings and 0.18 for the C-loadings, we
can conclude that the robust algorithm has succeeded in estimat-
ing the underlying structure of the data much more accurately.



12:17 17 January 2011

Downl oaded At:

240 P.J. ROUSSEEUW ET AL.

The PARAFAC model can be generalized to the Tucker3
model (92), which adds an L x M x N core matrix Z in (36):

M N
Xijk = E E Zailbjmcknzlmn + Cijk

=1 m=1 n=1

In (93) arobust algorithm is proposed, based on the MCD estima-
tor and iterated steps as in the robust PARAFAC method. From
our experience this method works well in practice, although it
can probably be improved by using a more robust initial #-subset
and by computing more precise outlier cutoff values.

SOFTWARE AVAILABILITY

Matlab functions for most of the procedures mentioned
in this paper are part of the LIBRA Tool box (94), which
can be downloaded from (http://wis.kuleuven.be/stat/robust/
html).

Stand-alone programs carrying out FAST-MCD and FAST-
LTS can be downloaded from the website (http://www.agoras.
ua.ac.be), as well as Matlab versions. The MCD is already avail-
able in the packages S-PLUS and R as the built-in function
cov.mcd and has been included in SAS Version 11 and SAS/IML
Version 7. These packages all provide the one-step reweighed
MCD estimates. The LTS is available in S-PLUS and R as the
built-in function /tsreg and has also been incorporated in SAS
Version 11 and SAS/IML Version 7.

Support Vector Machines are implemented in numer-
ous software packages. An extensive list can be found at
(http://www.kernel-machines.org). For Least Squares SVM ap-
plications, a Matlab toolbox is available at (http://www.esat.
kuleuven.be/sista/lssvmlab).

PARAFAC and related multiway methods are incorporated
in the PLS-toolbox at (http://software.eigenvector.com). Stand-
alone tools are freely available from (http://www.models.kvl.dk/
source).
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